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1 Introduction 

There has been some recent interest in the study of L 2 harmonic forms on certain 
non-compact moduli spaces occurring in gauge theories. In this note, we use a result 



of Jost and Zuo |L2| to prove some of the properties physicists expect of these forms. 

Jost and Zuo's theorem (adapting an earlier idea of Gromov 0) states that if the 
Kahler form wona complete Kahler manifold satisfies u = d/3, where /3 is a one-form 
of linear growth, then the only L 2 harmonic forms lie in the middle dimension. An 
application of the same argument shows further that if G is a connected Lie group of 
isometries on a complete Riemannian manifold generated by Killing vector fields of 
linear growth, then G acts trivially on the space of L 2 harmonic forms. 

Since 2iu = dzjAdzj = d(%2 ZjAdzj) = d/3, Euclidean space C n is the model for the 
growth conditions required. Moreover, Killing vectors on C" are also of linear growth. 
Our applications are principally to hyperkahler quotients of flat Euclidean spaces, 
where these properties are inherited. We extend the finite-dimensional arguments 
to some infinite-dimensional quotient constructions, notably moduli spaces of Higgs 
bundles on Riemann surfaces and monopoles on R 3 . For the latter we prove some of 
the S-duality predictions of Sen p~8f . 

The author wishes to thank J. Jost and J. H. Rawnsley for useful comments. 
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2 Linear growth 



First recall how Hodge theory works on a complete non-compact Riemannian manifold 
@]. If fljL denotes the Hilbert space of L 2 p-forms, then the L 2 -cohomology group 
H? 2 s is defined as the quotient of the space of closed L 2 p-forms by the closure of the 
space 

^(2) ^ ^(2) 

It is a theorem that on a complete manifold any harmonic L 2 p-form is closed and 
coclosed and so represents a class in HLy The Hodge decomposition theorem then 
implies that there is a unique such representative. 

We first reproduce for the reader's benefit the proof of the theorem of Jost and Zuo: 



Theorem 1 J7j/ Let M be a complete oriented Riemannian manifold and let a = d(3 
be a p-form such that 



\a(x)\\ < c, 



x)\\ < c'p(x ,x) + c" 



where p(xq,x) is the Riemannian distance from a point x G M and c,c',c" are 
constants. Then for each L 2 -cohomology class [rj] G H%dM), 

UA/T" 

l (2) 



[a A r]} = G Hf+ q (M) 



Note that the inequality on (3 is what we mean by "linear growth" . 

Proof: Let B r be the ball in M with centre Xq and radius r. Take a smooth function 
Xr : M -> R+ with 

0< X r{x) < 1 

Xr{ x ) = 1 for x G B r 
Xr(x) = for x G M\B 2r 
\\dxr{x)\\ < K/p(x ,x) for x G B 2r \B r 

Such a function may be obtained by smoothing the function f(p(xo, x)) where f(p) = 
1 for p < r, f(p) = 2 — p/r for r < p < 2r and f(p) = for p > 2r. 

The form d(x r /3 A 77) has compact support, so d(xrf3 A 77) G fi^ 9 - ^ e wan t to show 
that as r — > 00 these forms converge in L 2 to a A 77. Consider 

d(Xr(3 A 77) = c?Xr A A 77 + x r a A 77 (1) 
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Since ||a(x)|| < c, and 77 G L 2 , then a An E L 2 and hence 

\a A r]|| 2 = lim / ||a A r]\\ 2 (2) 

r ^°° J B r 

As Xr vanishes outside B 2r and is identically 1 on B r , we have 

lim f \xr\ 2 \\ct A r]\\ 2 = lim / \\a A i]\\ 2 + lim f |x r | 2 ||a A i]\\ 2 (3) 

But 



|Xr| 2 ||« A rj\\ 2 < \\a A r]|| 2 

B2 r \B r J B2 r \B r 

and since a A 77 G L 2 , the right hand side tends to zero as r — > 00, thus so does the 
left hand side. From (g) and ([!]) we see that Xr a A 77 converges in L 2 to a A 77. 

Now c^Xr vanishes on S r and outside i?2r, and on the annulus in between we have the 
estimates ||G?x r (V)|| < K/p(xo,x) and ||/3(a;)|| < c f p(xo,x) + c". Thus 



\\dxr A (3 A 77H 2 < const. I \\ri\\ 2 

M JB 2 r\Br 

This again converges to zero as r — > 00 since 77 G L 2 . We thus have convergence of 
both terms on the right hand side of ([!]) and consequently d(x r (3 A 77) converges in L 2 
to a A 77. Hence a A 77 lies in the closure of dVt p 2 ^ R £]/L and its L 2 -cohomology class 
vanishes. 



Theorem 2 Let M be a complete Kahler manifold of complex dimension n such that 
the Kahler form satisfies u = d/3 where 

\\P(x)\\<c'p(x ,x) + c" 

then all L 2 harmonic p-forms for p 7^ n vanish. 

Proof: Since u is covariant constant, ||u;|| is constant. Thus from Theorem 1, the 
linear growth of (3 implies that the map L : H P 2) (M) -> H P + 2 (M) defined by L{[rj\) = 
[to A 77] is zero. By Hodge theory this means that if 77 is an L 2 harmonic j>form, then 
the L 2 harmonic (2n — p)-form u n ~ p A 77 vanishes for p < n. But by linear algebra, 
the map 77 1— > uo n ~ p A 77 is an isomorphism, hence the only non-zero harmonic forms 
occur when p = n. 
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Using the technique of Theorem 1 we now prove the following: 



Theorem 3 Let M be a complete oriented Riemannian manifold and let G be a 
connected Lie group of isometries such that the Killing vector fields X it defines 
satisfy 

\\X{x)\\ < c'p{x ,x) + c" 
Then each L 2 -cohomology class is fixed by G. 

Proof: The group G acts unitarily on the Hilbert space of L 2 harmonic forms. This 
may possibly be infinite-dimensional. Nevertheless, one knows that for a unitary 
representation the space of analytic vectors - the ones for which g i— > g ■ v is analytic 
- is dense [15]. If r) is an L 2 harmonic form which lies in this subspace, then it has a 



well-defined L 2 Lie derivative 

C x j] = d(i(X)ri) + i(X)dr) = d{i{X)ri) 

which is also a harmonic form. As in Theorem 1, we write 

d(xAX) V ) = d Xr A t(X)rj + Xrd(i(X)rj) (4) 

We now proceed as before: Xrd{i{X)i]) converges in L 2 to d(L(X)i]), and from the 
linear growth of X, dx r A l{X)t] converges in L 2 to zero. Thus from (Q), d(xr L {X)ri) 
converges to d(i(X)r]), whose L 2 -cohomology class is therefore zero. Hence G acts 
trivially on a dense subspace of L 2 harmonic forms and by continuity is trivial on the 
whole space. 



3 Hyperkahler quotients 

We shall apply the above results to certain hyperkahler manifolds. Recall that a 
hyperkahler manifold is a Riemannian manifold with compatible covariant constant 
complex structures /, J, K satisfying the quaternionic identities 

I 2 = J 2 = K 2 = UK = -1 

The corresponding Kahler forms are Ux, u^, ^3. If we fix the complex structure /, 
then u c = 0J2 + ^3 is a holomorphic symplectic form. 

On a hyperkahler manifold the Ricci tensor vanishes. This already means that 
Bochner-type vanishing theorems for some L 2 harmonic forms can be applied, us- 
ing the modification of this approach due to Dodziuk ||. In particular, there are no 
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L 2 harmonic 1-forms or (p, 0) forms. If one of the Kahler forms satisfies the conditions 
of Theorem 1, then we have more: 



Theorem 4 Let M be a complete hyperkdhler manifold of real dimension 4k such that 
one of the Kahler forms uj{ = dj3 where j3 has linear growth. Then any L 2 harmonic 
form is primitive and of type (k, k) with respect to all complex structures. 

Proof: The three 2-forms U\, U2, 003 define by exterior multiplication three commut- 
ing operators L 1; L 2 , L 3 on the algebra of differential forms. There are three adjoints 
Ai, A 2 , A 3 , and it is a matter of linear algebra to show that these satisfy the following 
commutation relations: 

[L 1 ,A 2 ] = [Ai,L 2 ] = -«7 3 (5) 

and similar ones by cyclic permutation. Here {o~i, o~2, 0-3} is the standard basis of the 
Lie algebra su(2) satisfying [01,02] = 2<t 3 etc. Its action is induced from the action 
of the unit quaternions on the exterior algebra. (As noted by Verbitsky Lj and 
Aj generate an action of the Lie algebra sp(l, 1) = so (5, 1)). 

From Theorem 2, each L 2 harmonic form 77 lies in the middle dimension 2k. But Lj 
and Aj commute with the Laplacian, and map to 2k + 2 and 2k — 2 forms respectively, 
so we must have for each i = 1, 2, 3 

Ut] = = Aii]. 

But then (|5|) implies that = 0. For a complex structure I corresponding to <jj, the 
eigenspaces of Oi are the forms of type (p, q) with eigenvalue i(p — q), so if cr^ = 0, 
then p = q = k. The condition A^ = is the statement that the form is primitive, 
so we see that rj is of type (k, k) and primitive with respect to all complex structures. 
In Riemannian terms this implies that 77 is anti-self-dual if k is odd and self-dual if k 
is even. 



Interestingly, hyperkahler manifolds provide a good source of examples where the 
linear growth conditions hold. We can frequently write one of the Kahler forms in a 
canonical way as u>i = d/3 if there is a non-trivial Killing field X. Any Killing vector 
field acts by Lie derivative on the space of covariant constant 2-forms, preserving the 
metric. If the hyperkahler manifold is irreducible, this space is spanned by ui, u 2 , uj 3 . 
If all are annihilated by X, then the action is called triholomorphic. The alternative 
case is relevant for us: for some orthonormal basis 

C x ui = 0, C x ^2 = ^3, £x^ 3 = -uj 2 (6) 
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then 

u 3 = C x oo 2 = d{i{X)uj 2 ) + t(X)dw 2 = d{i{X)uj 2 ) 

since du 2 = 0. Thus if X acts in this way and has linear growth we can apply Theorem 
2 with /3 = t(X)uj 2 , and also Theorem 3 of course. 

This situation occurs frequently when forming hyperkahler quotients. If G is a Lie 
group acting on a hyperkahler manifold M preserving the three Kahler forms Ux,u 2 , ui^ 
then we have three moment maps giving a single function fi = (yU 1; /i 2 , fi 3 ): 

/i : M -)• g* ® R 3 

Suppose yu _1 (0) is smooth then the induced metric is G-invariant and descends to 
the quotient. The hyperkahler quotient construction || is the observation that this 
quotient metric is again hyperkahler. 

Suppose we take A to be a complex n-dimensional afhne space with a flat Hermitian 
metric and G to be a Lie group of unitary isometries. The cotangent bundle 

T*A = A x C" 

is a flat hyperkahler manifold, with u c the canonical symplectic form. The natural 
action of the group G preserves u c and also the hermitian form induced from that of 
A and so preserves the three Kahler forms. On the other hand there is a C* action 
given by scalar multiplication of the cotangent vectors by a non-zero complex number 
A. Since the canonical form transforms as uo c \— > Xu c , the action of the circle S 1 C C* 
defines a vector field X with the properties (f|). This commutes moreover with the 
action of G. 

For a vector field Y on a manifold, there is a natural choice for the moment map 
of the canonical lift to the cotangent bundle: /iy(6 l x .) = 9 X {Y X ). Make this choice 
for ji c = /i 2 + i/i 3 , and an arbitrary choice for jjli. Then the circle acts on /i _1 (0), 
commutes with G and hence descends to an action satisfying (^|) on the hyperkahler 
quotient. 

Most quotients produced this way are complete for /i _1 (0) is a closed submanifold of 
a complete manifold and hence complete. Certainly if G is compact the quotient is 
then complete. We can also obtain growth estimates on Killing vector fields: 

Proposition 5 Let H be a group of isometries of T* A which preserves / u^ 1 (0) and 
normalizes G. Then H acts isometrically on the quotient and the corresponding 
Killing vector fields have linear growth. 



6 



Proof: Let Y be a Killing vector field on T* A generated by the action of H. Then 
Y is tangential to ^^(O). Let Y be the corresponding vector field on the quotient 
M, then the metric on T S M is the induced inner product on the horizontal space in 
^c(/^ _1 (0)): the orthogonal complement of the tangent space of the orbit of G. Thus 

at x e M 

{Y,Y% = {Y H ,Y H ) X <{Y,Y) X (7) 

The distance p(x,x ) between points x, x G M is the length in /i _1 (0) of the hori- 
zontal lift from xo to a; of a geodesic in M, and this is greater than or equal to the 
straight line distance between x and xq, thus 

p{x,x Q ) > \\x - x \\ (8) 

But the vector field Y is defined by a group of affine transformations of a flat space 
and so is of the form 

C^A^ + bj) — 
which has linear growth, so from (|7]), 

ll^llz < c'\\x — X \\ + c" 

and using (|[), 

||y|| s < c'p{x,x ) + c" 



There are many examples in the literature of such complete finite-dimensional quo- 
tients, where we can address the question of existence of L 2 harmonic forms. 



3.1 The Taub-NUT metric 

In this case we take G = R acting on A = C 2 by 

(z u z 2 ) i-> (e it z 1 ,z 2 + t) 
Concretely, we have coordinates z±, z 2 , Wi, w 2 on T*A, and the action is 

Oi, z 2 , w 1 ,w 2 ) i ► (e tt z 1 , z 2 + t, e~ lt w 1 , w 2 ) 
The complex moment map is 

\i c = iz\W\ + w 2 
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and the real moment map 

Hi = \zi\ 2 — \wi\ 2 + lmz 2 

In each R-orbit there is a unique point with z 2 imaginary. The moment map equations 
fii = fi c = then define w 2 and z 2 in terms of z\,W\. The hyper kahler quotient is 
C 2 , with coordinates Z\,Wx. Its metric is the complete Taub-NUT metric. 

Theorem 4 now tells us that the only L 2 harmonic forms on Taub-NUT space are of 
type (1, 1) and primitive for all complex structures J, J, K. In four dimensions (k = 1 
in Theorem 4) this means that they are anti-self-dual. 

To see an L 2 harmonic 2-form on this space, we can follow ||. The circle action 

(e id z u z 2l e- id wi,w 2 ) 

commutes with G and preserves all Kahler forms, and so descends to the Taub-NUT 
space with the same property. This gives the Killing vector field X = d/dr which 
expresses the Taub-NUT metric in its more usual form 

g = V(dx\ + dx\ + dx\) + V^idr + a) 2 

with a e fi^R 3 ) and 

777. 

V = 1 + — , da = *dV 

r 

Here the 1-form dual to X using the metric is 

6 = V~\dr + a) 

and 

dQ = -V- 2 dV A (dr + a) + V~ l * dV 
which from the form of the metric is anti-self-dual and closed, hence harmonic. Now 

1 2m 2 
dd A *d6 = -(d6) 2 = 2—dV A *dV A dr ~ — -dx x A dx 2 A dx 3 A dr 

V r 

and so d6 is in L 2 . It defines a nontrivial L 2 -cohomology class but as an ordinary 
cohomology class it is of course trivial. 

We shall use Theorem 3 later to give a rigorous proof that this is (up to a constant) 
the unique L 2 harmonic form. There are deformations of products of Taub-NUT 



spaces which occur as monopole moduli spaces [p|, ||13|| to which our theorems apply. 
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3.2 The Calabi metrics 



Here we take G = S 1 acting on A = C n by 

e it {z l) ...,z n ) = (e it z 1 ,...,e it z n ) 
The induced action on T*C n = C 2n is 

e u (z l7 ...,z n ,w 1 ,...,w n ) = {e %t z u e tl z n , e~ lt w u e~ lt w r , 
and this has complex moment map 

and real moment map 



ZjWj 



— z 3 z j 

Since S 1 is abelian, we can change fii by adding a constant so one choice of moment 
map equations \i\ = /i c = is: 

The quotient of this is the Calabi metric H on the cotangent bundle T*CP n_1 . 



As argued by Segal and Selby in |L7j, if on a complete Riemannian manifold, a com- 
pactly supported cohomology class defines a non-trivial ordinary cohomology class, 
then there is a non-zero L 2 harmonic form representing it. Now the zero section of 
T*CP n ~ 1 is Poincare dual to a compactly supported class in the middle dimension. 
If we evaluate this on the homology class of the zero section we obtain the self- 
intersection number: the Euler class of the normal bundle. The normal bundle of the 
zero section of a vector bundle is canonically isomorphic to the bundle itself, which 
in this case is the cotangent bundle, whose Euler class is the Euler characteristic of 
CP n_1 , which is n, and in particular non-zero. Thus the compactly supported class is 
non-trivial in ordinary cohomology and so there exists a corresponding L 2 harmonic 
(2n — 2)-form. 

The Calabi metric has isometry group U(n), so that Theorem 3 tells us that this form 
- and indeed any other L 2 harmonic form if such exist - is invariant by this group. 
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4 Moduli spaces 



The main interest in L 2 harmonic forms has arisen from the consideration of certain 
gauge-theoretic hyperkahler moduli spaces. Sometimes, as in ||, these have a finite- 
dimensional hyperkahler quotient description, but more often than not we need to 
rely on infinite-dimensional approaches to describe the hyperkahler structure. We give 
two examples here where we again have a circle action and linear growth conditions 
which make the Jost-Zuo result applicable. 

4.1 Higgs bundle moduli spaces 

Formally speaking, this is a quotient like the ones we have just described. Take 
a compact Riemann surface £ and a C°° unitary vector bundle E over E, and let 
A be the space of all unitary connections on E. This is an affine space with a 
constant symplectic form on it: a tangent vector to the space of connections is a £ 
fi^EjEnd-E) and then 

J tr(a A 0) 

defines the form. The (0, 1) part d" A of a connection defines a holomorphic structure 
on E, and this gives the space A the structure of a complex affine space. The group Q 
of unitary gauge transformations acts on A preserving both symplectic and complex 
structures, and hence the corresponding Hermitian form. As before, we can define a 
hyperkahler quotient from the action of Q on the cotangent bundle T*A. In this case 
we have formally 

T*A = Ax C°°(E, End E ® K) 
The complex moment map for a pair (A, $) is 

// = d" A $ 

and the real moment map 

A*i = Fa + $*] 

where Fa is the curvature of the connection A . The equations /i c = 0, /xi =0 are the 
Higgs bundle equations, and their quotient by the group of gauge transformations is 
the moduli space of Higgs bundles. The formal aspects of the foregoing can be made 
precise (see |10| ) by using some gauge-theoretic analytical results so that, under suit- 
able topological conditions, the L 2 inner product gives the moduli space the structure 
of a complete finite-dimensional hyperkahler manifold. 



10 



There is the same cotangent circle action as before 

and the vector field induced by this action on the moduli space has linear growth 
in exactly the same way as in the finite-dimensional case, so we deduce that any L 2 
harmonic form must be in the middle dimension. 

In the case when the bundle E has rank 2 and is of odd degree, Hausel || studied 
the image of the compactly supported cohomology in the ordinary cohomology and 
rather surprisingly showed that it is zero. We cannot therefore assert the existence 
of L 2 harmonic forms by topological means here as for the Calabi metrics, though it 
is possible that some forms may exist just as they do for the Taub-NUT metric. 

4.2 Monopole moduli spaces 

Here to obtain a hyperkahler quotient we consider a connection V in a principal 
bundle over R 3 and a Higgs field 0, a section of the associated bundle of Lie algebras. 
The Dirac operator 

iVi + jV 2 + fcV 3 - 

can be considered, with appropriate conditions at infinity, as lying in an affine quater- 
nionic space with an L 2 inner product. It is acted on by the group Q of gauge trans- 
formations. 

The hyperkahler moment maps for this action are 

Pi = F 23 - Vi0, iiq = F 31 - V 2 0, /i 3 = F 12 - V 3 
and setting fi = gives the Bogomolny equations 

F = *V0 

The moduli space of solutions is thus formally a hyperkahler quotient. There is one 
complex structure for each direction in R 3 and the action of the rotation group 5*0(3) 
on R 3 gives, for each direction, a circle action whose vector field X is of the type (|B|), 
fixing only one complex structure. 

We shall show that X has linear growth. To do this, however, we should note that 
we are not in the simple cotangent bundle situation any longer. The circle acts 
non-trivially on the group Q and moreover its action on (V, 0) is not algebraic but 
involves Lie derivatives. To remedy this, we adopt the dual approach through Nahm's 
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equations, restricting ourselves to the most familiar situation for SU(2) monopoles 
of charge k. As in Jl], analytical results show that the moduli space is a smooth 
4fc-manifold with a complete hyperkahler metric. In this case, thanks to a result of 



Nakajima [14], the same hyperkahler metric can be seen as a hyperkahler quotient of 



a space of Nahm matrices as follows. 

We consider the space A of operators d/ds + B + iB\ + jB 2 + kB 3 on functions 
/ : [0, 2] C fc with B, : (0, 2) -> u(Jfe) where at s = 0, £ is smooth and for i = 1, 2, 3 
there is a smooth map $ : [0, 2] — > u(k) such that near zero 

s 

for a /tared irreducible representation of the Lie algebra of SU{2) defined by p,,. At 
s = 2 we have the same behaviour. 

Tangent vectors (Aq, A\, A 2 , A3) to this space are smooth at the end-points, and using 
the group Qq of smooth maps g : [0, 2] — > U(k) for which (?(0) — fl'(l) — 1) and some 
analysis, we obtain a hyperkahler metric on the space B of solutions to the hyperkahler 
moment map equations 

B[ + [B Q ,B X \ = [B 2 ,B 3 ] 

B' 2 + [B ,B 2 ] = [B^B^ (9) 
B' 3 + [B ,B 3 ] = [B h B 2 ] 

modulo the action of the gauge group Q®. 

This gives the metric, but we need to determine the circle action. Having fixed the 
residues, this is less easy to describe, because a rotation involves a compensating gauge 
transformation outside Qq. The infinitesimal version of the action is represented by 
a vector field 

X=W+ [B Q , # [B u ij],B 3 + [B 2 , ij], -B 2 + [B 3 , $\) 

This is a vector field on the space B in the infinite-dimensional flat space A: we are 
using the linear structure of the ambient space to write down tangent vectors. It 
must be smooth at the end-points, so to keep the residues fixed we need 

</>(0) = V(2) = -pi. 

The Kahler form uj\ on the quotient which is invariant by the induced action pulls 
back to B as the restriction of the constant symplectic form on A: 

[ [- tr^oix) + tr^ilo) + tr(A 2 I 3 ) - tr(A 3 A 2 )]ds 
Jo 
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This form is degenerate in the £?Q-orbit directions, so the 1-form l(X)oj\ pulls back to 

k*l{X)ui(A) = f -tr(A [ J B 1 ,^)+tr(^ 1 (^ + [ J B 0) ^))+tr(A 2 (- J B 2 + [ J B 3 ,V])) 
Jo 

-tr(A 3 (B 3 + [B 2 ,i/;}))ds 

= [ - tr([A , Bity) + tr(AiV') - tr{[B , Ai]ip) - tr(A 2 B 2 ) 
Jo 

+ tr([A 2 ,B 3 \i{>)-tr(A 3 B 3 )+tr([B 2 ,A 3 \i/;)ds 

On the other hand A is tangent to B, so A satisfies the linearization of the equations 
(|). In particular 

A[ + [A , B 1 ] + [B , A 1 ] = [A 2 , B 3 ] + [B 2 , A 3 ] (10) 
Substituting in the formula for it*i(X)uji then gives 

tt*l(X)ui(A) 

Jo 

r-2 



/ (tr(AiV») +tr(A[4>))ds- [ tr{A 2 B 2 + A 3 B 3 )ds 
Jo Jo 

[tr(A^i)]^- / tr(A 2 B 2 + A 3 B 3 )ds 
Jo 



At first sight it looks as if this integral may not be well-defined, since B 2 and B 3 have 
poles at s — 0, 2. In fact looking at the three deformation equations like flT0| ) and 



applying some algebra (as in |TT|) it can be seen that Ai(0) is a scalar, so since Bi has 



residue pi and trpj = 0, we have a smooth integrand. Moreover tr^^i) = ctr pi = 0, 



at s — 0, 2, so 



7T*iOX>i(A) = - / tr(A 2 5 2 + A 3 5 3 )rfs 
Jo 



It is clear now from the dependence on B in this formula that tt*l(X)uji has linear 
growth in the ambient flat L 2 metric and hence by the arguments of Proposition 5, 
l(X)ui and hence X itself has linear growth in the metric on the moduli space. 

Let us denote by Mj~ the 4fc-dimensional moduli space of 577(2) monopoles of charge 
k. Does it have any L 2 harmonic forms? The answer is no. To see this we note 
that translation in R 3 induces an isometry of From the Nahm point of view 
translation by (x\, x 2 , x 3 ) is defined by 

(B , B u B 2 , B 3 ) ^ (B , B 1 + txj, B 2 + %x 2 I, B 3 + ix 2 I) 
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This preserves the residues and is clearly of bounded growth, even stronger than linear 
growth, and so from Theorem 3, any L 2 harmonic form is invariant under translation. 
Now a cyclic fc-fold covering of Mk splits isometrically 

M k = Ml xS'xR 3 

where M° is the space of strongly centred monopoles and the induced action of 
translation is just Euclidean translation in the R 3 factor. Clearly a translation- 
invariant form cannot be square integrable. 

There do exist L 2 harmonic forms on M°, however. This is the subject of Sen's 



conjectures concerning S-duality [18]. The manifold M° has an isometric Z/k action 
on it. Let 7i p k denote the space of square- integrable harmonic p-forms on Ml and 
decompose Ti p k into representation spaces TC ke where the generator of Z/k acts as 
e 2me / k . Then Sen conjectured that: 

• if k and £ are coprime then 7i k e = except in the middle dimension p = 2k — 2, 
in which case it is one-dimensional, 

• if k and £ have a common factor, 7i p t = for all p 

Theorem 2 already shows that 'H p kt = if p ^ 2k — 2 thus verifying part of the 
conjecture. Also, uniqueness in the conjecture implies that the form must be of 
type (p, p) (since conjugation interchanges harmonic (p, q) forms and (g,p)-forms). 
Moreover it must be primitive since Arj is harmonic. These features we have already 
seen to hold from Theorem 4. The uniqueness in Sen's conjecture also implies that 
SO (3) acts trivially on 7i p k since it has no nontrivial 1-dimensional representations, 
and this too we have seen from Theorem 3. 



Segal and Selby in showed that the image of the compactly supported cohomology 



in the ordinary cohomology is one-dimensional in precisely the locations predicted by 
the conjecture, so there certainly exists a non-trivial vector in 7~l k k f 2 for k, £ coprime. 

What remains is still the question of uniqueness, despite the restrictions achieved 
above. Let us see how this can at least be shown for k = 2 using our results. 

The 2-monopole metric []J can be put in the form (with n < p < oo): 

x2j2, 2 2 i i2 2 i 22 

g = J dp + a • o{ + o + c erg 

using left invariant forms <Tj on SO (3), satisfying do\ = <7 2 A cr 3 etc. We know from 
Theorem 3 that any L 2 harmonic form t] is SO (3)-invariant and from Theorem 4 that 
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it is of type (1, 1) and primitive with respect to u>i, u 2 , u 3 , hence anti-self-dual. Thus 
r] is a linear combination r\ = Ciipi + c 2 f 2 + c 3 <p 3 of <fx,f2, ¥3 where 

( fa 
(fx = Fi(p) Idcri - —dp A (Ti 

( fb 

¥2 = F 2 (p) da 2 dp A a 2 

\ ca 

( f c 
^3 = F 3 (p) da 3 -dp A a 3 



ab 



The form n is closed, and since 



dip x = d (^Fxip^dcrx - j^dp A = (f' - F^j dp A a 2 A a 3 

with similar expressions for the other terms, this implies that each term ifi with 
non-zero coefficient q is closed and so, following Hl8| 



Fi(p) = const, exp ^— J 



r)dr 



be 

with similar expressions for F 2 ,F 3 . As p — > 00, it is known that 

/ ~ — 1, a — p, b ~ p, c ~ — 2 

(Note in passing that this behaviour also confirms that the vector fields defined by 
the 5*0(3) action have linear growth.) It follows that 

fa 1 fb 1 fc 2 
be 2' ca 2' ab p 2 



Now 



,2 / a 



V?i A *<z>i = — o?i A (fi = 2F, —dp A (Ji A cr 2 A a 3 

be 



and this is integrable as p — > 00 as are y9 2 A *y> 2 and (p 3 A *<y2 3 . 
At the opposite extreme, as p — > 7r, 

/ ~ —1, a ~2p — 27T, 6 ~ 7T, C ~ — 7T 

and so 

/a 2p-2vr /& 1 /c 1 



6c it 2 ca 2p — 2ti ab 2p — 2n 
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Thus F\ tends to a constant, but 

if 2 A *ip2, f3 A *<p 3 — const. 



(p - *y 



It follows that only tp\ lies in L 2 . We therefore have, up to a constant multiple, a 
unique L 2 harmonic form on M 2 ° as predicted. 

An index-theoretic proof of this uniqueness, following [16|, can be found as part of 



We can use the same approach to prove the uniqueness of the L 2 harmonic form on 
Taub-NUT space described in 3.1. (cf [|13|). The metric is now of the form 



f 2 j 2 , 2/ 2 . 2\ . 7,2 2 

9 = J dp + a {ax + cr 2 ) + b a 3 

where the equality of the coefficients of a\ and a 2 arises from the extra isometric S 1 
action. By the same arguments as the 2-monopole space we are led to consider forms 
<Px,<P2,<P3, but now by Theorem 3, the form must be invariant by the extra circle 
action and hence 

y?3 = F 3 (p) (da 3 - ^dp A a 3 

We have already constructed an L 2 harmonic form in 3.1, so this must be it. 

This same argument can also be applied to the Eguchi-Hanson metric, which is the 
Calabi metric on T*CP X . It can be written in the form 

' 2/_2 , _2 , /-i / / \4\ 2\ 



- l dr 2 + r 2 (af + a 2 + (l-(a/rr)a 2 3 ) 



» 1 - (a/r) 

and has [7(2)-symmetry, so ip 3 must be the only L 2 harmonic form - the one we 
determined topologically in 3.2. 
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